The elastic moduli of a solid can be determined from the thermal fluctuations of the stress. The so-called stress-fluctuation approach is useful in that it can provide insights into the molecular origin of a particular mechanical response, and it leads to faster convergence than methods based on fluctuations of the strain. Unfortunately the implementation of the stress-fluctuation approach is more demanding than that of the strainfluctuation approach, particularly for atomistic models involving intramolecular interactions ͑e.g., bending and torsion͒. In this study a simple numerical method is proposed to evaluate the elastic moduli of atomistic models from knowledge of atomistic forces. It is shown that this approach leads to fast and reliable prediction of the elastic moduli for two different classes of materials. In one example the elastic moduli of crystalline silicon are compared to those reported in the literature. In the other example the elastic moduli of an atomistic polymer model for poly͑methyl methacrylate͒ are shown to be in good agreement with experimental data.
I. INTRODUCTION
Molecular simulations provide a powerful approach to quantify the elastic properties of solids and the molecular origins of particular constitutive behaviors. The elastic moduli can be determined directly, by applying a load to a system and observing its response, or indirectly, by computing the thermal fluctuations of the strains or stresses. The latter approach is attractive in that it provides all of the components of the elastic tensor from a single simulation, and it makes a distinction between contributions to the moduli arising from different molecular interactions. 1 Such a tensor can subsequently be used to study a system's anisotropy and mechanical stability. 2 Several statistical formalisms are available for the calculation of elastic moduli. [3] [4] [5] [6] At constant temperature T, volume V, and number of particles N, an isothermal elastic modulus C ijkl can be determined from 3, 4 
where
All the vectors and tensors in this study are expressed in index notation; subscripts ͑i , j , k , l͒ denote the Cartesian components ͑x , y , z͒. The symbol ␦ ij is the identity tensor.
The brackets ͗͘ denote an ensemble average. The terms C ijkl B and C ijkl K represent the intrinsic elastic moduli of a system; superscripts B and K denote the Born term and the kinetic contribution, respectively. 3 The thermal fluctuation contribution to the elastic moduli, C ijkl F , is determined from the stress tensor ij . It should be noted that the elastic modulus tensor can also be calculated in a constant stress ensemble from the corresponding fluctuations of the strain. 5 We prefer to work with stress fluctuations because Eq. ͑1͒ provides unique insights into the intrinsic stiffness of a material and the effect of thermal motion on the elastic moduli. In addition, the stress-fluctuation approach often leads to faster convergence of the elastic moduli in molecular simulations. 6 Ray has derived a generalized formula for the Born term of an arbitrary potential energy function U: 
In Eqs. ͑4͒-͑6͒ the potential must be an explicit function of interatomic distances. While some applications of Eqs. ͑4͒-͑6͒ to atomistic models have been reported in the literature; e.g., the Sutton-Chen model for transition metals, 8 the Stillinger-Weber ͑SW͒ model, 3 and the Tersoff model 9 for silicon, the use of the stress-fluctuation formula has generally been limited by the ability to evaluate the Born term in atomistic models that include non-pairwise interactions such as bending and torsion. 1, 6 In this paper we propose a simple numerical method to estimate the Born term using expressions originally derived by Lutsko. 4 This method does not require the transformation of a non-pairwise potential to an explicit function of interatomic distances, and is easily implemented in molecular dynamic ͑MD͒ simulations. Results are presented for the elastic moduli of the SW silicon model 3 and an atomistic model of poly͑methyl methacrylate͒, 10 referred to as PMMA. Our numerical results for the SW silicon model are in good agreement with those obtained analytically in the literature. 3 For the model of PMMA, which includes bending and torsion interactions, simulated moduli are in good agreement with experimental data. The molecular origins of those elastic moduli are further discussed in Sec. III.
II. METHODOLOGY

A. Models
The SW silicon model is parametrized to yield a stable tetrahedral structure in solids whose internal energy U S is given by 11
where a Ͻ b Ͻ c is a summation over all possible combinations of three atoms in a system. The function u 2 is a pairwise potential
and u 3 is a three-body potential
ͮ ͑11͒
The symbol bac denotes the angle between the vectors r i ab and r i ac . The united-atom model adopted for the simulations of PMMA includes five contributions to the potential energy U P : 10
ͬ .
͑12͒
The first three terms correspond to bonding, bending, and torsional interactions, respectively. In the third term, abcd is the dihedral angle between the planes ͕r i ab , r i ac ͖ and ͕r i db , r i dc ͖. The fourth and fifth terms are pairwise contributions arising from Coulombic and LJ interactions, respectively. The values of the parameters in Eqs. ͑8͒-͑12͒ are reported in the literature. 10,11
B. Theory
Following Lutsko, a generalized stress tensor for an arbitrary potential energy function is written as
where ij v is the symmetric virial tensor
By evaluating the derivative of ij with respect to the Lagrangian strain tensor, a generalized Born term expression is obtained as
can be transformed into other generalized formulas, namely, Eqs. ͑4͒ and ͑5͒ ͑see Appendix A͒. In this study we rewrite Eq. ͑16͒ as
where f i m is the force acting on an atom labeled by m: 12
Atomistic force calculations are an intrinsic component of any MD simulations. 12 This facilitates the numerical implementation of the Born term through Eq. ͑17͒ rather than solving Eq. ͑16͒ or Eqs. ͑4͒ and ͑5͒ analytically. As an example we consider the case of a three-body potential energy function u 3 in Eqs. ͑9͒-͑11͒. Using Eq. ͑18͒ the atomistic forces on the three atoms ͑a , b , c͒ are calculated from 
By substituting Eq. ͑21͒ into Eq. ͑17͒, the Born term for the three-body interaction Ĉ ijkl B3 is found to be
The numerical calculation of Eq. ͑22͒ can be performed as It is important to note that such analytical expressions can be tedious and elaborate when written for a computer program. One also needs to derive new analytical formulas and recode them for each different model. The numerical approach proposed in this study is flexible and easily extended to any potential. For instance, Eq. ͑22͒ can be used for different types of three-body interactions, such as the bending term in Eq. ͑12͒. It also has the advantage of using directly the atomistic forces, rather than requiring the transformation of non-pairwise potentials into a pairwise formula, like Eqs. ͑4͒ and ͑5͒. For three-body potentials, such a transformation could be derived with the law of cosines, 3,9 but it becomes more demanding for other nonpairwise interactions that include more than three atoms ͑or molecules͒; e.g., the torsion term in Eq. ͑12͒. In Sec. III it is shown that the results from our numerical method are the same as those obtained from the analytical formulas, and that the computational expense for the numerical calculations can be minimized by decreasing the sampling frequency for the Born term.
For brevity, in the remainder of this study fourth-order tensors are represented in Voigt notation; 13 e.g., C 11 = C xxxx , C 12 = C xxyy , C 44 = C xyxy .
C. Simulations
All simulations of the SW silicon model comprise 216 atoms with periodic boundary conditions. To reproduce literature results, 3 the temperature and pressure were set to 0 Pa and 1477 K, respectively. A perfect diamond structure was used for the initial configuration. First we performed N ij T Monte Carlo ͑MC͒ simulations to obtain the equilibrium density. 7, 12 We sampled the data at every 100 MC steps over simulations of 2 ϫ 10 6 steps. The resulting averaged density was 2297 kg/ m 3 . Second, we ran NVT MC simulations over 2 ϫ 10 6 steps at that density, and calculated the elastic moduli from the stress-fluctuation formula, Eqs. ͑1͒-͑3͒. The Born term for the two-body potential, C ␣␤ B2 ͑␣ , ␤ = 1,2, …, 6͒, was analytically calculated from Eq. ͑6͒ since the potential energy u 2 depends solely on an interatomic distance. The Born term for the three-body potential C ␣␤ B3 was estimated both analytically and numerically from Eq. ͑22͒. All the trial displacements ⌬r i m were set to 10 −7 in dimensionless units.
For the case of PMMA the initial configuration was generated by placing 80 linear syndiotactic PMMA molecules uniformly in a cubic simulation box. Each molecule consists of 10 monomers. By performing NPT MD simulations, we equilibrated the system at a high temperature ͑500 K͒ and cooled it down gradually until room temperature ͑300 K͒ was attained. The pressure and time step were set at 0.1 MPa and 1 fs, respectively. The resulting density of amorphous PMMA glass was approximately 1084 kg/ m 3 . After the equilibration of the system, we ran NVT MD simulations over 3 ϫ 10 5 time steps, sampling the instantaneous Born terms and the stress tensor at every 100 time steps. The Born terms for LJ and bonding potentials were calculated analytically from Eq. ͑6͒, and those for bending and torsion potentials were estimated numerically from Eq. ͑17͒. In order to evaluate Coulombic interactions, the Ewald method was applied and its Born term was calculated analytically from expressions available in the literature. Table I summarizes our results for the Born term, the kinetic term, the stress-fluctuation term, and the elastic moduli of the SW silicon model at T = 1477 K. The three characteristic components of each term are listed; C 11 = ͑C 11 + C 22 + C 33 ͒ /3, C 12 = ͑C 12 + C 23 + C 31 ͒ /3, C 44 = ͑C 44 + C 55 + C 66 ͒ / 3. The error of C ij indicates the standard deviation of three indistinguishable components; e.g., C 11 , C 22 , and C 33 for C 11 .
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III. RESULTS AND DISCUSSION
It is shown that all results are in good agreement with the values in the literature, 3 which were obtained analytically from Eqs. ͑4͒ and ͑5͒. In addition our numerical results for C ␣␤ B3 are found to be the same as those calculated analytically from Eqs. ͑22͒-͑24͒; C 11 = 55.3 GPa, C 12 = −9.4 GPa, C 44 = 15.8 GPa. It should be emphasized that the analytical calculations of C ␣␤ B3 require newly derived, elaborate formulas be coded for each different model, whereas our numerical calculations can be implemented simply by using an intrinsic component of MD simulations; i.e., the atomistic forces.
It is interesting to observe in Table I that the contribution of the thermal stress fluctuations to the elastic modulus, C ␣␤ F , is negligible for C 11 and C 12 , but significant for C 44 . This is mainly due to large shear displacements of atoms that arise after a homogeneous deformation of diamond structures.
2,3,9,15 Such microscopic motions decrease the system's free energy and are driven by the thermal fluctuations at finite temperature, 3 or by minimization of the energy at zero temperature. 2, 9, 15 The stress-fluctuation term C ␣␤ F implicitly describes the effects of internal strains on a system's elastic modulus. 3, 9 The results for PMMA are shown in Table II . At room temperature ͑300 K͒, simulated PMMA forms an amorphous glass. It is found that the bonding interactions ͑C ␣␤ Br ͒ contribute most to the overall Born term C ␣␤ B ; 68%, 102%, and 58%
for C 11 , C 12 , and C 44 , respectively. The spring constant of the bonding potential in Eq. ͑12͒ is therefore an important parameter that characterizes the instantaneous mechanical response of this PMMA model. It is also observed that the stress-fluctuation term C ␣␤ F has a magnitude comparable to the corresponding Born term C ␣␤ B for all three components. This finding suggests that the free energy of amorphous polymer glasses exhibits a large decrease after a system's homogeneous deformation due to large rearrangements of polymer molecules. The remaining values of elastic moduli C ␣␤ for the PMMA are considerably smaller than those of the SW crystalline silicon.
Using the results of C ␣␤ in Table II These values are consistent with available bulk experimental data at room temperature: E Ӎ 3.0 GPa, G Ӎ 1.0 GPa, and Ӎ 0.35. 16, 17 Although the elastic properties of PMMA are time or frequency dependent, they remain nearly constant below the glass transition temperature ͑=400 K͒. 17 The Born terms, C 12 B3 in Table I and C 12 B in Table II , are largely negative; both terms are associated with an angle potential including three atoms. Based on Eq. ͑27͒ a negative value of C 12 could correspond to a negative Poisson's ratio if C 12 + C 44 Ͼ 0. In such a case the material would exhibit a transverse expansion under longitudinal extension. 18 For a three-body potential the middle atom would vertically move up to maintain an angle when two edge atoms are laterally pulled out. Due to other internal constraints of the molecular configurations ͑e.g., bond lengths͒, however, the overall C 12 becomes strongly positive; the negative Poisson's effect does not show up in the deformation of our systems. Figure 1 shows the convergence of the Born term and the stress-fluctuation term for the SW silicon and the PMMA models. In both cases the running average of C 11 B attains a stable value shortly after the simulation begins, whereas C 11 F fluctuates around the equilibrium value with a relatively long period. These results are expected since the Born term is an averaged quantity, but the 
IV. CONCLUSIONS
In this study a simple numerical approach has been proposed for calculation of elastic moduli from stressfluctuation formulae. By using the atomistic forces calculated routinely in MD simulations, it has been shown that our numerical results for the elastic moduli of the SW silicon model agree with analytical values reported in the literature. Unlike past analytical calculations, our numerical method does not require the derivation or coding of tedious and elaborate expressions for the Born terms. We have also shown that the computational expense of numerical calculations can be minimized by sampling the Born term less frequently. Our numerical approach is particularly useful for atomistic models that comprise various types of non-pairwise interactions. As an example, we have applied this numerical method to an atomistic PMMA model that includes bending and torsion interactions. The resulting elastic moduli are shown to be in good agreement with experimental results. We have observed that the magnitude of the stressfluctuation terms is relatively large for amorphous PMMA, causing the elastic moduli of PMMA to be much smaller than those of crystalline silicon.
